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Kinetic asymmetry as a key source of functional diversity in
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Abstract

From the analysis of the dynamic properties of various symmetric and asymmetric kinetic schemes, the present
report demonstrates that all kinetic schemes, which can be hypothetically divided into two equal halves about an axis
of mirror symmetry, are endowed with structural metastability under mass-closed conditions. In mass-closed
symmetric schemes, absolute symmetry in reaction conditions in two halves is essential for the occurrence of ordered
dynamic behaviour. Even an infinitesimal deviation from the symmetry relations instantaneously drives such systems
from limit-cycles to turbulence. Reaction schemes with no axes of symmetry may exhibit a large variety of complex,
structurally stable temporal order for wide ranges of values of system parameters and variables. Kinetic asymmetry,
therefore, may confer to biochemical networks the functional diversity as well as stability against environmental
perturbations. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction activities and thus, endow upon them the sophisti-
cated structural /functional organization [1,2]. The

The phenomena of self-organization impart to non-linear kinetics of numerous biochemical re-
biological systems the flexibility which permit actions constitutes the major source of dynamical
them to regulate their chemical and biological order that prevails in living systems. Depending

on the environmental conditions, these reactions
can generate a large variety of complex dynamic
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Mathematical models of oscillatory chemical or
biochemical networks generally consider reaction
schemes having feedback or autocatalytic path-
ways leading to symmetry-breaking instabilities
[1]. One of the necessary conditions for accept-
ability of these models is that they must exhibit
structural stability [1,6]. In other words, a kinetic
system can have spatial or temporal organization
only when its dynamic properties remain invariant
for a finite range of initial conditions. The distinct
type of structural stability for two identical cou-
pled cyclic autocatalytic reaction networks
(CCARN model) occurring in different compart-
ments of a system has recently been reported [7].
The system exhibits ordered behaviour (limit-
cycles or steady-states), when reaction conditions
are exactly identical in both the compartments.
Such dynamic behaviours are stable against any
arbitrary ‘symmetric perturbations’ (even large
ones). Perturbations are referred to as ‘symmet-
ric’ when they are applied simultaneously in the
same magnitude and direction to both the net-
works. However, the presence of even an in-
finitesimal asymmetry in initial conditions,
parameter values or external perturbations causes
an abrupt transition of the system from ordered,
periodic behaviour to turbulence. Systems, the
dynamic properties of which are stable against
arbitrarily large values of symmetric perturba-
tions, but unstable against minute asymmetric
fluctuations in environmental conditions, will be
referred to as ‘structurally metastable’.

When a reaction scheme can be hypothetically
divided into two equal halves having an axis of
mirror symmetry (the membrane M in the
CCARN model), the scheme will be considered
‘kinetically symmetric’. When both the halves of
such a symmetric scheme maintain identical reac-
tion conditions, the two sets of rate equations
become similar to one another and in effect, the
number of independent dynamic variables re-
duces to half. A distinct feature of the CCARN
model [7] was the symmetry inherent in its kinetic
scheme (Fig. 1) and it is because of this kinetic
symmetry that symmetric reaction conditions be-
come imperative for displaying stable, ordered
dynamic behaviour [7]. With a view to examine
whether other kinetic schemes having axes of

symmetry also exhibit structural metastability, the
present study aims at investigating the dynamic
stability of diverse types of symmetric and asym-
metric reaction schemes. Results presented here
show that the symmetric schemes are, in general,
vulnerable to asymmetric perturbations and reac-
tion schemes with no axes of symmetry can ex-
hibit more complex, stable and ordered dynamic
behaviour. This observation is extremely perti-
nent to living systems because biochemical reac-
tions are in general asymmetric and living systems
maintain a high degree of stability.

2. Symmetric and asymmetric kinetic models

The dynamical behaviours of four hypothetical
reaction schemes (Fig. 2), of which two (S-I and
S-1D) are kinetically symmetric and the other two
(A-1 and A-II) do not have any axis of mirror
symmetry have been analyzed. X; (i=1, 2...6)
are polyfunctional macromolecules, while Y is a
cofactor.

All the reaction steps in these models are auto-
catalytic, so that they have a potentiality of ex-
hibiting temporal oscillations for suitable values
of system parameters [1,8,9]. For example, the
actual reaction steps in the scheme S-I can be
written as:

Fig. 1. Kinetic symmetry in previously reported CCARN model
[7]. The hypothetical membrane M is acting like an axis of
mirror symmetry dividing the system into two identical halves
L and R. X;s are reacting macromolecules (i =1 to 4) and Y
is a co-factor. All reaction steps are autocatalytic.
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Fig. 2. Schematic representation of various kinetically symmetric (S-I, S-II) and asymmetric (A-I, A-ID) reaction networks. Dotted
lines define the boundaries of different reaction systems. All reaction steps are autocatalytic. X;s are reacting macromolecules
(i=1,2...) and Y is a co-factor. S-II is open to mass flow (arrows indicate directions of mass flow), while S-I, A-I and A-II are

mass closed.
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The autocatalytic pathways have not been
shown explicitly in Fig. 2 to avoid clumsiness. For
each of the four kinetic schemes in Fig. 2, the
time evolution of the system variables have been
numerically simulated using the fourth-order
Runga—Kutta method for wide ranges of values
of the kinetic constants as well as for different
sets of the initial conditions. Significant results of
such simulations can be summarized as follows.

2.1. Scheme S-1

It is a cyclic, autocatalytic reaction network
occurring in a homogeneous isotropic mass-closed
system (Fig. 2). The rate equations are of the
form,

dx,
dr
dx

=kyxqx; —kyx;x,y

2
=kyx1x,y +koxgx,y —kyx, x5

dt

— 7 =k, X, x5 —kyxyx, — ksxsxs

=kyx3x, —kyx,x,

=ksxyxs —kgxsxg

=koxsxe —kqx,x0y

(D
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where x; is the molar concentration of the species
X; and ks are the kinetic constants of jth reac-
tion.

The mass-conservation equations are given by,
Sx;=1(say) and x,+y=m 2)

where m is the total mass of the co-factor present
in the system (in free and bound form). Numeri-
cal simulations of the rate equations in Eq. (1)
reveals the following dynamic characteristics of
the scheme:

(a) the system exhibits regular periodic be-
haviour only under symmetric conditions, i.e.
when

> x>
(98]
II
> x>
W

[ Linitiar = [%6 Jinitian
and (3)

(x4 Linitiar = X5 Jinitian

—_
-3

N
=

where [, 1S the initial concentrations of
X;. Under such conditions, depending on the
values of kinetic constants and m, the system
either evolves to a steady state or exhibits
limit-cycle oscillations. For any limit-cycle oscil-
lation, the phase-space trajectories of x, and
x, are always identical, while the values of x,
and x5 at any instant of time are equal to one
another;

(b) the evolution of the system to any particular
stationary or oscillatory state depends on the
parameter values and not on the initial condi-
tions provided they are symmetric (Eq. (3)). For
example, when k, =k, = 10 (in arbitrary units)
and k;=1 (j=2, 3,...6), the system ap-
proaches to a steady state for m = 0.1 M (SS,
Fig. 3a) and exhibits limit-cycle (LC, Fig. 3b)
for m = 0.3 M for all sets of symmetrical initial
conditions. But if there is even an infinitesimal
difference between the values of [x,],,;,; and
(X6 Jinitiar OF between [x, ] and [xs]iya, the
system instantaneously switches over from the
regular rhythmic behaviour to aperiodic turbu-
lence (data not shown) as also seen in case of
the CCARN model [7];

(¢) if a small asymmetric perturbation is ap-

initia

plied to the system at the steady state (Fig. 3a),
the system starts to exhibit slowly damped oscil-
lation and both X, and X, exhibit 180° phase
difference with their corresponding conjugates
X, and Xs;

(d) the limit-cycle behaviour (Fig. 3b) is stable
against any arbitrary perturbation applied sym-
metrically to both sides of the axis of symmetry
in the scheme (S-I, Fig. 2). If identical pertur-
bations are simultaneously applied to x; and x,
(or to x, and x;), the symmetry in the reaction
conditions is retained and a rapid decay of such
perturbations brings back the system to its orig-
inal phase-space trajectory (the arrow in Fig. 3b
indicates the point of application of a symmet-
ric perturbation). Similarly, one-time addition
of a small amount of the co-factor Y, X, or X,
(i.e. any reacting species lying on the axis of
symmetry (Fig. 2, S-I)) does not disturb the
symmetry of the reaction condition and hence,
the system can retain its original mode of be-
haviour in response to such perturbations (data
not shown);

(e) in response to any asymmetric perturba-
tions, even those of infinitesimal magnitudes,
the system suffers an abrupt transition from
regular periodic oscillation to turbulence (Fig.
3c and d). The perturbation is rapidly amplified
and the pairwise synchronized time evolutions
of X, and X, or of X, and X are trans-
formed into completely desynchronized aperi-
odic oscillation having no definite amplitude.
Similar effects are observed also in case of
small deviations from the symmetric reaction
conditions (Eq. (3)), e.g. if k, =k, + 5, or x; =
Xc+ &, where & or e represent infinitesimal
variations in kinetic constants or initial concen-
tration values across the axis of symmetry. It is
worth emphasizing at this point that the transi-
tion of the system dynamics from limit-cycle to
aperiodic behaviour (Fig. 3¢ and d) of the sys-
tem does not follow any definite route like
period-doubling bifurcation [9,10] and such tur-
bulent behaviour is quite different from the
conventional form of the ‘deterministic chaos’
[10];

(f) in spite of extensive searching through dif-
ferent regions of both phase-space as well as
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Fig. 3. Dynamic behaviour of x; (i =1 or 6) in scheme S-I for k; =k, =10 and k; = 1 (in arbitrary units), (j =2 to 6) and at t =0,
X, =x4=045 M, x,=x3=x,=x5=0.025 M. (a) Under identical conditions in both halves of S-I, both x; and x4 evolve to
identical steady state (SS) for m = 0.15 M, but in response to one-time addition of 0.02 M of X, to the system, they exhibit
small-amplitude oscillations having 180° phase difference. (b) For m = 0.35 M, x; and x, exhibit identical limit-cycle oscillations. In
response to one-time addition of 0.02 M of X,, the system continues to exhibit limit-cycle of slightly greater amplitude. (c) and (d)
One-time addition of 0.02 M of X, to the system in (b), desynchronizes the time-evolution of x; and x, and drives the system from
limit cycle to turbulence.

parameter-space, occurrence of any dynamic 2.2. Schemes A-I and A-II

behaviour that would be stable against both

symmetric and asymmetric fluctuations in the

reaction conditions could not be demonstrated While the symmetric schemes S-I or S-II fail to
so far. exhibit any stable dynamics, the mass-closed
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schemes like A-I or A-II, being devoid of any axis
of mirror symmetry, display a wide variety of
complex phenomena of self-organization which
are structurally stable. The rate equations of
scheme A-I are

dx

d_tl =kyx1x, — kX x,y

dx

d_t2 =k X X,y +Kexsx,y —kyXp x5
dx;

= Ta Kyx, x5 —kyxyx, — ksxyxs

dx,
T kyxsx, —kyx x4

dx
d_ts =Kksx3Xs — kgXsX,y 4)

and the mass-conservation equations are the same
as in Eq. (2).

In scheme A-II, the kinetic rate equations can
be written as

dx
d_[l =kyx, x5 —kyx,%,y

dx,
ar = kyx x,y —kyXx,x3 —kyx,x,

dx
3 _
dr = kyxyxy —kexyxs —kyx xs

dx,
T KyX,x, —KsxyXs

dx
d_ts =ksx x5 —kgxyxs %)

while the mass-conservation equation for the co-
factor is x, +x, +y =m.

Such asymmetric schemes exhibit, in general,
various types of complex dynamic phenomena
that are much more robust against environmental
perturbations than those observed in case of the
symmetric schemes. Major differences between
the stability properties of the schemes A-I (or
A-ID) with S-I (or CCARN) are as follows.

1. The asymmetric schemes exhibit limit-cycle
oscillations for large, continuous ranges of
parameter values. For a particular set of ki-
netic constants and m, one and only one

limit-cycle is approached from all sets of ini-
tial conditions lying within its basin of attrac-
tion (Fig. 4a). In contrast to the oscillations
exhibited by scheme S-I, no symmetry condi-
tion is required to generate regular rhythmic
behaviour in A-I or in A-II.

2. Response of the systems to any perturbation
depends on the absolute value of its magni-
tude as well as direction and not on its
symmetry or time of application. The dynamic
behaviours of the systems are, in general,
stable against the external perturbations so
long as their magnitudes do not exceed some
threshold values.

3. In response to the perturbations beyond the
threshold values, or small changes in the
parameter-values (e.g. an increase in the total
co-factor concentration m due to one-time
addition of Y in the system), schemes A-I or
A-II may exhibit complex but ordered dy-
namic behaviour such as hard or soft excita-
tions, birhythmicity etc. [2]. For example, in
Fig. 4b, the scheme A-I suffers a transition
from an oscillatory state to a stationary state
(soft excitation) in response to one time addi-
tion of X, by 0.05 M at point P. On the other
hand, additions of the co-factor Y to the
system at two discrete time-points P, and P,
(Fig. 4¢) result in transitions between differ-
ent modes of complex oscillations marked as
O,, O, and O;. Similarly, the scheme A-II
exhibits hard excitation [2] (Fig. 5a) and
birhythmicity (Fig. 5b) in response to small
perturbations in x,. It is worth mentioning at
this point that the perturbations applied to
the asymmetric schemes A-I or A-II need not
follow any symmetry relation to induce new
levels of dynamic order to the system, as
required in case of symmetric scheme S-I. In
other words, the schemes A-I or A-II are
endowed with a potential of exhibiting com-
plex, yet ordered phenomena of self-organiza-
tion for wide ranges of values of parameters
and variables.

2.3. Scheme S-11

Under mass-closed condition, the symmetric
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Fig. 4. Time evolution of different reacting species in the scheme A-I. (a) Limit cycle oscillation of X, for arbitrary initial
conditions for m = 0.4 M. (b) Soft excitation of X, that exhibits complex oscillation for m = 0.55 M and switches over to a steady
state in response to one-time addition of 0.05 M of X, at the point P. (¢) Transition of X, from one mode of complex oscillation to
another in response to additions of 0.05 M of co-factor Y at the points P; and P,. In all cases, k; = k¢ =10 and k; = 1 (in arbitrary

units), where j =2, 3, 4, 5. Initial transients have not been shown.

schemes S-1 (Fig. 2) or CCARN (Fig. 1) fail to
exhibit any dynamic order having true structural
stability, i.e. stability against the symmetric as
well as asymmetric fluctuations in the environ-
ment. However, in living systems, the reacting
species undergoing chemical or biochemical reac-
tions continuously exchange mass with their sur-
roundings [1]. It is, therefore, intriguing to ex-
amine if a symmetric chemical /biochemical net-
work can sustain small asymmetric environmental

fluctuations in an open system having continuous
mass flow across its boundaries.

In Fig. 2, S-II represents a model symmetric
scheme occurring in an open system. It has been
assumed that X, enters the system at a constant
rate o and X, leaves the system at a rate Bx,,
where a and @ are constants and x, is the molar
concentration of the product X,. All four reac-
tions are autocatalytic like the reactions in the
other three schemes of Fig. 2. The rate equations
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Fig. 5. (a) Birhythmicity and (b) hard excitation in X, in the scheme A-II in response to the addition of 0.01 M X, to the system at
time-points P; and P,, respectively. In both cases, kj =1forj=1,3,4,5,6 and m = 1.83. In (a), k, = 0.001, and initial conditions
are x;=0.1Mfor i=1,2,3,4; x;=0.6 M. In (b), k, =0.01 and initial conditions are x; =x, =x5=0.172 M and x; =x, = 0.242

M. Transients have not been shown.

are given by

dx
d_tl = a—kx X,y —kyx x5y

dx

d_tz = kXX, y —k3x,%,

dx

d_t3 =kyxx3y —kyx3x,

dx

d_t4 =kyx,x, +k,xyx, — B, (6)

Like other symmetric schemes, this system also
exhibit ordered behaviour for symmetric reaction
conditions across the axis of symmetry. Such
symmetry conditions can be written as

ky=ky, ky=k, and [x;]; 60 = [X3]iiga (7D

Under such symmetric conditions, the system
either exhibits limit-cycle oscillation (Fig. 6a) or
evolves to a steady state (data not shown). In both
cases, the time evolution of x, and x; will be
exactly identical.

As seen in other symmetric schemes, for the
same set of parameter values, the same limit-cycle
(Fig. 6a) is approached from all possible initial
conditions obeying the symmetry relation (7). But
if the initial conditions for x, and x; be slightly

different from one another so that the symmetry
relation (7) is no longer valid, the synchronization
in their time-evolution is lost and instead of ex-
hibiting identical limit-cycles, one of them (having
a greater value of initial concentration) starts to
exhibit an oscillation of gradually increasing am-
plitude (Fig. 6b), while the other one displays
damped oscillation having the same time period
(Fig. 6¢). A little difference between the values of
k, and k; or between those of k, and k, also
induces a similar effect of desynchronization
between the temporal behaviours of the conju-
gate pairs X, and Xj. This demonstrates that
S-II is also structurally metastable like S-1 or
CCARN, but a major difference between the
stability properties of the symmetric schemes oc-
curring in an open system (e.g. S-II) and those
occurring under mass-closed conditions is that
the former are able to exhibit dynamic order (in
the form of limit-cycles) even when the reaction
conditions are not exactly identical across the
axes of symmetry, which was not possible for the
latter.

The limit-cycle behaviour in Fig. 6a is stable
against all perturbations that are symmetrically
and simultaneously applied across the line of
symmetry. But in response to one-time addition
of 0.2 M of X, to the system, which creates a
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Fig. 6. (a) Identical limit cycles exhibited by X; (i =2 or 3) in the scheme S-1I, when k; =k, =1, k; =k, =2, « = 0.5 M /time unit,
B=0.08 and at ¢ = 0, x; = 0.2 M. (b) Amplified oscillation of X, and (c) damped oscillation of X5, when the initial concentration of
X, is increased by 0.01 M, keeping all other parameters and variables invariant. (d) Limit-cycle oscillations of X, (solid lines) and
X; (dotted lines) having identical time-period but different amplitudes, when k,; = 1.1 and values of other parameters are the same
as in (a).

difference between x, and x5, the system contin- boundary, any minute disbalance in the reaction
ues to exhibit limit-cycles of the same time period conditions across the axis of symmetry does not
but having significant differences between the necessarily induce an abrupt transition from
amplitudes of oscillation of X, and X; (Fig. 6d). limit-cycle to turbulence, as seen in the case of

Thus, in the presence of mass-flow across the mass-closed systems. However, large asymmetric
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perturbations (beyond some critical value), com-
pletely destabilize the system leading to the onset
of aperiodic oscillation (data not shown).

3. Discussion

A distinct feature of the CCARN model [7] is
that the response of two coupled cyclic autocat-
alytic reactions occurring in a bi-compartmental
system to changes in the reaction conditions is
not governed by the absolute magnitudes of the
individual perturbations applied to the two com-
partments, but by their relative values. If identical
conditions prevail in both the compartments, the
system exhibits an ordered dynamic phenomena
like limit-cycle or steady-state. But any tiny dif-
ference in the conditions leads to a drastic change
in the overall temporal organization of the sys-
tem. From the analysis of the dynamic properties
of different symmetric and asymmetric reaction
pathways, the present report delineates that the
metastable character is not unique for the
CCARN model and that all kinetic schemes hav-
ing an axis of mirror symmetry are endowed with
such structural metastability under mass-closed
conditions. For symmetric schemes, even an in-
finitesimal deviation from the symmetry relations
instantaneously drives the closed system from an
ordered temporal behaviour to turbulence (Fig.
3). In open systems, the mass-flow across the
boundaries of the system might buffer the effect
of small asymmetries in the reaction environment
and in response to small asymmetric perturba-
tions (of magnitudes below a threshold value), the
symmetric scheme may display new modes of
simple limit-cycle behaviour (Fig. 6). However,
beyond the threshold value, asymmetric perturba-
tions may drive the system to turbulence, even in
the presence of mass-flow.

Absolute symmetry in reaction conditions, es-
sential for regular temporal behaviour in mass-
closed symmetric reaction schemes, can only be
achieved in an idealized condition and may never
be accomplished in practice. In fact, asymmetric
fluctuations are bound to occur in living systems
and the presence of symmetric chemical or
biochemical pathways, that are unable to main-
tain a stable, dynamic order against such asym-

metric perturbations, will pose a serious problem
on the onset and maintenance of functions and /or
structural order in such systems. It is, therefore,
quite expected that living systems would try to
elude the biochemical pathways having axes of
symmetry.

In spite of an extensive search over wide ranges
in both phase and parameter-space, the occur-
rence of complex dynamic phenomena like hard
excitation or birythmicity could not be demon-
strated so far in S-I or S-II. The asymmetric
schemes like A-I or A-II, on the other hand, are
structurally stable and are capable of exhibiting a
wide variety of complex, yet ordered, dynamic
phenomena in response to external perturbations.
They can spontaneously give rise to increasingly
complex temporal orders emerging through a suc-
cession of instabilities (Fig. 6) and thus, may
confer to living systems an added plasticity, which
is cardinal for such systems to achieve, maintain
and regulate different biochemical functions. Un-
der adverse environmental conditions, Kkinetic
asymmetry presumably enhances the functional
stability as well as the diversity of biochemical
networks in a living cell.
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